We extend quaternion calculation in the ADHM construction of Sp(1) (= SU (2)) self-dual Yang-Mills (SDYM) instantons to the case of biquaternion. We use the biconjugate operation of biquaternion first introduced by Hamilton to construct the non-compact SL(2, C) k-instantons.
I. INTRODUCTION
The discovery of classical exact solutions of Euclidean SU(2) (anti)self-dual Yang-Mills (SDYM) equation was one of the most important achievements in the developements of both quantum field theory and algebraic geometry in 1970's. The first BPST 1-instanton solution [1] with 5 moduli parameters was found in 1975. Soon later the CFTW k-instanton solutions [2] with 5k moduli parameters were constructed, and then the number of moduli parameters of the solutions for each homotopy class k was extended to 5k + 4 (5,13 for k = 1,2) [3] based on the consideration of 4D conformal symmetry of massless pure YM equation. The complete solutions with 8k − 3 moduli parameters for each k-th homotopy class were finally worked out in 1978 by mathematicians ADHM [4] using method in algebraic geometry. By using an one to one correspondence between anti-self-dual SU(2)-connections on S 4 and certain holomorphic vector bundles of rank two on CP 3 , ADHM converted the highly nontrivial system of non-linear partial differential equations of anti-SDYM into a much more simpler system of quadratic algebraic equations in quaternions. The explicit closed form of the complete solutions for k = 2, 3 had been worked out [5] .
Many interesting further developments, including supersymmetric YM instantons [6] , Heterotic string instantons [7] and noncommutative YM instantons [8] etc., followed since then. One important application of instantons in algebraic geometry was the classification of four-manifolds [9] . On the physics side, the non-perturbative instanton effect in QCD resolved the long standing U(1) A problem [10] . On the other hand, another important application of YM instantons in quantum field theory was the introduction of θ-vacua [11] in nonperturbative QCD, which created the strong CP problem. This unsolved issue remains a puzzle till even today.
In addition to SU(2), the ADHM construction has been generalized to the cases of SU(N)
SDYM and many other SDYM theories with compact Lie groups [5, 12] . In this paper we are going to consider the classical solutions of non-compact SL(2, C) SDYM system. SL(2, C)
YM theory was first discussed by some authors in 1970's [13, 14] . They found out that the complex SU(2) YM field configurations can be interpreted as the real field configurations in SL(2, C) YM theory. However, due to the non-compactness of SL(2, C), the Cartan-Killing form or group metric of SL(2, C) is not positive definite. Thus the action integral and the Hamiltonian of non-compact SL(2, C) YM theory may not be positve. Nevertheless, there are still important motivations to study SL(2, C) SDYM theory. It was shown that the 4D SL(2, C) SDYM equation can be dimensionally reduced to many important 1+1 dimensional integrable systems [15] , such as the KdV equation and the nonlinear Schrodinger equation.
In 1985 [16] , it was even conjectured by Ward that many (and perhaps all?) integrable or solvable equations may be obtained from the SDYM equations (or its generalizations) by reduction.
On the other hand, the parametric Backlund transformation (PBT) constructed in terms of J-matrix formulation [17] of SU(2) Yang-Mills theory takes a real SU(2) gauge field into the real SU(1, 1) gauge field and vice versa [18, 19] . Therefore it would be of interest to study SL(2, C) gauge group which contains the non-compact subgroup SU(1, 1) as well as the compact subgroup SU (2) , and the solutions to the SL(2, C) SDYM can be transformed into the new ones by any arbitrary numbers of PBT. Moreover, as it will turn out, there are singularities which can not be gauged away in the field configurations of SL(2, C) YM instantons. This may help to clearify the long standing issue of global singularity problems associated with Backlund transformations [18, 19] of SU(2) SDYM instantons. More recently the SL(2, C) SDYM theory including its singular structure was also considered in the literatures from mathematical point of view [20] [21] [22] .
In 1984 [23] , some exact solutions of SL(2, C) SDYM system were explicitly constructed in the (R,R)-gauge, which was a direct generalization of R-gauge in Yang's formulation [24] of SU(2) SDYM equation. The topological charges of these so-called (M, N) solutions [23] were calculated by the third homotopy group π 3 (SL(2, C) = Z. In this paper, we extend quaternion calculation in the ADHM construction of compact Sp(1) (and SU(N), Sp(N), O(N) cases) SDYM instantons to the case of biquaternion of Hamilton [25] . We will use the biconjugate operation of biquaternion first introduced by Hamilton [25] to construct the SL(2, C) SDYM instantons. These new SL(2, C) instanton solutions contain previous SL(2, C) (M, N) instanton solutions as a subset constructed in 1984. In addition, we will obtain many more new SL(2, C) SDYM field configurations. It turns out that the number of moduli for solutions of the SL(2, C) SDYM for each k-th homotopy class is twice of that of the case of SU(2) SDYM, namely 16k − 6. This paper is organized by the following. In section II, we set up the formalism of SL(2, C) SDYM theory and review the previous (M, N) instanton solutions [23] . Section III is devoted to the general construction of solutions with 16k − 6 parameters by using biquaternions. Three explicit examples will be given in section IV. These include the (M, N) instanton solutions, the complete k = 2, 3 instanton solutions and a detailed discussion of 1-instanton solution and the structure of its singularities depending on its moduli space with10 parameters. The singular structures of SL(2, C) k-instantons will also be discussed in section IV. The singularities called "jumping lines" of 1-instantons are intersections of zeros of P 2 (x) and P 1 (x) polynomials of 4 variables with degrees 2 and 1 respectively. For singularities of general k-instanton field configurations, one encounters intersections of zeros of P 2k (x) and P 2k−1 (x) polynomials with degrees 2k and 2k−1 respectively. In particular, the complete jumping lines of SL(2, C) k = 1, 2, 3 instantons with 10, 26, 42 moduli parameters are calculated. The existence of singular structure of the non-compact SL(2, C) SDYM field configurations discovered in this paper is consistent with the recent use of "sheaves" by Frenkel-Jardim [22] for complex ADHM equations, rather than just the restricted notion of "vector bundles". Finally, a brief conclusion is given in section V.
II. REVIEW OF SL(2, C) (M, N ) INSTANTONS
In this section, we will use the convention µ = 1, 2, 3, 4 and ǫ 1234 = 1 for 4D Euclidean space. We will first briefly review the SL(2, C) solutions constructed 30 years ago in [23] .
Wu and Yang [13] have shown that there are two linearly independent choices of SL(2, C)
group metric
where I is the 3 × 3 unit matrix. In general, we can choose
where θ = real constant. Note that the metric is not positive definite due to the noncompactness of SL(2, C). On the other hand, it was shown that SL(2, C) group can be decomposed such that [23] SL(2, C) = SU(2) · P, P ∈ H (2.3)
where SU(2) is the maximal compact subgroup of SL(2, C), P ∈ H (not a group) and H = {P |P is Hermitain, positive definite, and detP = 1}. The parameter space of H is a noncompact space R 3 . The third homotopy group is thus [23] 
where I is the identity group, and Z is the integer group.
Wu and Yang [13] have shown that a complex SU(2) gauge field is related to a real SL(2, C) gauge field. Starting from SU(2) complex gauge field formalism, we can write down all the SL(2, C) field equations. Let
and, for convenience, we set the coupling constant g = 1. The complex field strength is defined as
where
then Yang-Mills equation can be written as
The SL(2, C) SDYM equations are
Yang-Mills Equation can be derived from the following Lagrangian
Note that L θ is indefinite for any real value θ. We shall only consider the particular case for θ = 0 in this section, i.e. 11) for the action density in discussing the homotopic classifications of our solutions.
In the Yang formulation of SU(2) SDYM theory, one first performs analytic continuation of x µ to complex space, the self-dual condition Eq.(2.9) is still valid in complex space. We then perform the following transformations in complex space [24] 
Note that y andȳ (similarly z andz) are independent complex numbers. They are complex conjugate to each other when we restrict x µ to be real. The self-dual equation then reduces to F yz = Fȳz = 0, (2.14)
Eq.(2.14) is now in the pure gauge and can be integrated once. In the so-called R-gauge, Eq.(2.15) reduces to [24] φ
where φ, ρ andρ are three independent complex valued functions or six real valued functions.
For the case of SU (2), one needs to impose the reality conditions φ . =real,ρ . = ρ * so that G µ will be a real gauge field. Here " . = " means " = " when we restrict x µ to be real. For the case of SL(2, C) considered in this paper, we drop out the reality conditions and the R-gauge will be called (R,R) gauge. Thus in the SL(2, C) (R,R) gauge, G µ can be complex and there are three independent complex valued functions or six real valued functions. It is easily seen that one set of solutions of Eq.(2.16) is
For the SL(2, C) case, this is to say that the complex gauge potential G a µν can be taken as 
where α i , β j are real constants, a iµ , b jµ are real constant 4-vector. A special case is that
k-instanton solutions can be embedded in that of SL(2, C) gauge field. In general, we have the pure SL(2, C) solutions
(2.24)
where y µ ≡ x µ − a 1µ , y 2 ≡ y µ y µ , the gauge potentials can be calculated to be
The gauge potential A a µ has a singularity at x µ = a 1µ which is a gauge artifact that can be gauged away by a SL(2, C) gauge transformation. Define
where S 1,2,3 = iσ 1,2,3 . After making a large gauge transformation by U 1 (x), we have [23] A
which are regular SL(2, C) solution. The corresponding field strength can be calculated to be [23] 
Then we have
It can be shown that for SU(2) complex YM equation with a complex source term J µ , the complex gauge potential for (M, N) solution is related to the complex conjugate of (N, M)
solution with J µ replaced by J * µ . For the present pure YM case without J µ , it can be shown that Eq.(2.30) leads to a solution which is equivalent to the solution in Eq.(2.26). We will see this equivalence in section IV where more general 1-instanton solution will be constructed.
In general, one can generalize the 1-instanton solution to the k-instanton cases. For the multi-instanton solutions, say k = 2 for example, we get
In general, the topological charge of the (M, N) solution was found to be
For the boundary condistions 
Note that for the non-compact SL(2, C) case, unlike the SU(2) case, there is no proof that instanton action is the minimum action in each homotopy class.
III. BIQUATERNIONS AND SL(2, C) ADHM YM INSTANTONS
In this section and section IV, in contrast to the last section, we will use the convention µ = 0, 1, 2, 3 and ǫ 0123 = 1 for 4D Euclidean space. Instead of quaternion in the Sp(1) (2)) ADHM construction, we will use biquaternion to construct SL(2, C) SDYM instantons. A quaternion x can be written as
where e 1 , e 2 and e 3 anticommute and obey The conjugate quarternion is defined to be
so that the norm square of a quarternion is
Occasionaly the unit quarternions were expressed as Pauli matrices
A (ordinary) biquaternion (or complex-quaternion) z can be written as
which will be used in this paper. Occasionally z can be written as
where x and y are quaternions and i = √ −1, not to be confused with e 1 in Eq.(3.35).
There are two other types of biquaternions in the literature, the split-biquaternion and the dual biquaternion. For biquaternion, Hamilton introduced two types of conjugations, the
which will be heavily used in this paper, and the complex conjugation
In contrast to Eq.(3.39), the norm square of a biquarternion used in this paper is defined to
which is a complex number in general as a subscript c is used in the norm.
We are now ready to proceed the construction of SL(2, C) instantons. Historically, the general procedure to construct ADHM Sp(N), SU(N) and O(N) instantons are similar [5] . The construction strongly relied on the quaternion calculation. In this section, instead of SU (2), we will extend the Sp(1) quaternion construction to the SL(2, C) biquaternion construction. We begin by introducing the (k + 1) × k biquarternion matrix ∆(x) = a + bx
where a µ ab and b µ ab are complex numbers, and a ab and b ab are biquarternions. The biconjugation of the ∆(x) matrix is defined to be
(3.47)
In contrast to the of SU (2) instantons, the quadratic condition of SL(2, C) instantons here that it will turn out the choice of biconjugation operation is crucial for the followup discussion in this paper. On the other hand, for x ∈ J, det ∆(x) ⊛ ∆(x) = 0. The set J is called singular locus or "jumping lines" in the mathematical literatures and will be discussed in section IV.D. The existence of jumping lines is quite common in complex ADHM equations. In contrast to the SL(2, C) instantons, there are no jumping lines for the case of SU (2) instantons. We will assume x / ∈ J in the discussion for the rest of this section.
In the Sp(1) quaternion case, the symmetric condition on f −1 means f −1 is real. For the SL(2, C) biquaternion case, however, it can be shown that symmetric condition on f
the symmetric condition implies
0 ij is nonvanishing, and it is in general a complex number for the case of biquaternion.
To construct the self-dual gauge field, we introduce a (k +1)×1 dimensional biquaternion vector v(x) satisfying the following two conditions
Note that v(x) is fixed up to a SL(2, C) gauge transformation
Note that in general a SL(2, C) matrix can be written in terms of a 1 × 1 biquaternion as
It is obvious that Eq.(3.52) and Eq.(3.53) are invariant under the gauge transformation.
The next step is to define the gauge field
which is a 1 × 1 biquaternion. The SL(2, C) gauge transformation of the gauge field is
where in the calculation Eq.(3.53) has been used. Note that, unlike the case for Sp(1), G µ (x)
needs not to be anti-Hermitian.
We can now define the SL(2, C) field strength
To show that F µν is self-dual, one needs to show that the operator
is a projection operator P 2 = P , and can be written in terms of ∆ as
In fact
and
On the other hand
So P 2 = P. This completes the proof. The self-duality of F µν can now be proved as following
where we have used Eqs.(3.46),(3.52) and (3.60). Finally the factor (e µ e † ν − e ν e † µ ) above can be shown to be self-dual
67)
This proves the self-duality of F µν . We thus have constructed many SL(2, C) SDYM field configurations.
To count the number of moduli parameters for the SL(2, C) k-instantons we have constructed , we will use transformations which preserve conditions Eq. 
One can use K and Q to bring b to the following form
Now the form of b above is preserved by the following transformations 
IV. EXAMPLES OF SL(2, C) ADHM INSTANTONS
In this section, we will explicitly construct three examples of SL(2, C) YM instantons to illustrate our prescription given in the last section. More importantly, we will also discuss the singular structures of SL(2, C) k-instantons and compare our results with those in the mathematical literatures.
A. The SL(2, C) (M, N ) Instantons in ADHM Construction
In this first example, we will reproduce from the ADHM construction the SL(2, C) (M, N)
instanton solutions [23] discussed in section II. We choose the biquaternion λ j in Eq.(3.74)
to be λ j e 0 with λ j a complex number, and choose y ij = y j δ ij to be a diagonal matrix with y j = y jµ e µ a quaternion. That is
which satisfies the constraint in Eq.(3.76). Let
and 
If we choose k = 1 and define λ , then
The gauge potential is , we get For the case of 2-instantons, we begin with the following ∆(x) matrix with y 12 = y 21
which is linear in the biquaternion y 12 instead of a quadratic equation, and y 12 can be easily solved to be 
where the vectors In the third example, we calculate the complete SL(2, C) 10 parameters 1-instanton solution and study structure of its singularities. The singular structures of a subset of SL(2, C)
k-instantons will be discussed in the next subsection. We will see that the singularities for SL(2, C) 1-instanton is much more complicated that that of SU (2) 1-instanton. All 10 parameters are closely related to the structure of the singularities. We first build ∆(x) matrix and choose a, b as
where x is a quaternion, λ = λe 0 (with λ a complex number) and y is a biquaternion. It can be checked that, for these choices, the constraints in Eq.(3.76) are satisfied. By Eq.(3.52) and Eq.(3.53), we easily obtain
Note that λλ ⊛ = λ 2 is a complex number and |x − y|
c is also a complex number. Here p and q are quaternions. The total number of moduli parameters is thus 10.
The gauge field G µ can be calculated to be
By solving |x − (p + qi)| 2 c = 0 in the denominator of Eq.(4.106), we can get some singularities of G µ . We see that 
It's easy to see that G µ can be written as
.
(4.113)
We can now do the SL(2, C) gauge transformation To study these singularities, let the real part of λ 2 be c and imaginary part of
where P 2 (x) and P 1 (x) are polynomials of 4 variables with degree 2 and 1 respectively.
For a subset of k-instanton field configurations, one chooses λ i = λ i e 0 (with λ i a complex number) and y i to be a biquaternion in Eq.(4.78). It is important to note that for these choices, the constraints in Eq.(3.76) are still satisfied without turning on the off-diagonal elements y ij in Eq.(3.74). To get non-removable singularities, one needs to calculate zeros
For the k-instanton case, one encounters intersections of zeros of P 2k (x) and P 2k−1 (x) polynomials with degrees 2k and 2k − 1 respectively
We will discuss the singular structures of these k-instanton field configurations in the next subsection.
The structure of singularities of SL(2, C) 1-instanton can be classified into the following four cases:
(1) For q = 0, Eq. then there is only one singular point which is located at , (4.124) then the singularities are the intersection of a R 3 and a S 3 , or a S 2 surface, similar to the previous discussion in Eq.(4.108) and Eq.(4.109). We can see that if |q| is big enough, the S 2 singularities will be turned on in the R 4 space. Unlike singularities which can be gauged away, it seems that these singularities can not be gauged away.
Finally the real parts and imaginary parts of the gauge field and the field strength of SL(2, C) 1-instanton solution with 10 moduli parameters can be calculated to be
which is a self-dual field configuration by Eq.(3.67). If we take q = 0, c = 
and "sheaves" by Frenkel-Jardim [22] recently, rather than just the restricted notion of "vector bundles", in the one to one correspondence between ASDYM and certain algebraic geometric objects.
In fact, one notices that Eq.(4.119) can be written as B to get In addition, we investigate the structure of singularities or jumping lines [22] of the complete SL(2, C) 1-instanton solution with 10 moduli parameters. The singularities are intersections of zeros of P 2 (x) and P 1 (x) polynomials of 4 variables with degrees 2 and 1 respectively. For singularities of subsets of k-instanton field cofigurations, one encounters intersections of zeros of P 2k (x) and P 2k−1 (x) polynomials with degrees 2k and 2k − 1 respectively. We found that not all singularities can be gauged away as in the case of SU (2) 1-instanton field confuguration. The singularities for SL(2, C) 1-instanton field configuration is much more complicated than the removable singularity of SU(2) 1-instanton field configuration. Moreover, the values of all 10 parameters are closely related to the structure of the singularities.
The jumping lines of the complete SL(2, C) k = 2, 3 instantons with 26, 42 moduli parameters are also calculated in this paper. Mathematically, the existence of singular structures of the non-compact SL(2, C) k-instanton field configurations discovered in this paper is
